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Abstract: The fifth-order dispersive nonlinear wave model for plasma magnetosonic waves and soliton prop-
agation in optical fibers is the (1+1)-dimensional Caudrey-Dodd-Gibbon (CDG) equation. The equation has
many solution structures, but recovering them in exact closed form is an analytical difficulty. The bilinear
neural network methods used are based on regular polynomial feature augmentation, which limits their ability
to handle memory effects and anomalous dispersion when the CDG equation is extended to fractional order.
Our Fractional-Order Bilinear Feature Network fills this gap. The concept is to replace ordinary monomial
features z2, t2, and xt with conformable fractional-order features %, t*, and (xt)a/ 2 with order a € (0, This
expands the trial function’s representation while maintaining Hirota bilinear machinery’s symbolic accuracy.
Maple imposes algebraic zero-residual constraints on the fractional system and finds four closed-form precise
solutions for single- and double-hidden-layer network architectures. Comparative simulations in integer and
fractional regimes demonstrate the impact of o on solitons’ amplitude, propagation speed, and energy local-
ization. Three-dimensional surface plots, contour diagrams, density maps, and multi-time curve graphs show
dynamics. On the domain z,t € (—30,30), numerical checks reveal 2-4% enhancements in peak amplitude
and wave-front sharpness fidelity over the conventional integer-order baseline, with no analytical error. The
framework gives an easy technique to create accurate solutions of fractional CDG variations arising in plasma

physics, quantum field theory and nonlinear optics.
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1. Introduction

Nonlinear partial differential equations (NLPDESs) are widely used as mathematical mod-
els for wave phenomena in fluid mechanics, optical fiber communication and plasma physics.
Among the many equations that populate this landscape, the (1+1)-dimensional Caudrey—
Dodd-Gibbon (CDG) equation has attracted special attention. It is a member of the fifth-order
tier of the Korteweg—de Vries (KdV) hierarchy and the soliton solutions it possesses, along with
their interaction dynamics, have real-world implications for the propagation of magnetosonic
waves and for the way optical pulses travel along a fiber [13, 22, 27]
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Written out explicitly, the CDG equation takes the form

where u = u(x,t) denotes the wavefield. Eq. (1) belongs to an integrable hierarchy which was
first discovered by Caudrey, Dodd and Gibbon [14] and the integrability has been confirmed by
Painlevé analysis, Lax pair construction and derivation of conservation laws [5, 15].

There are quite a few exact solution methods for the equation (1). The Hirota bilinear
approach along with a well selected ansatz yields breather waves and lump-periodic structures
[7]. Methods based on expansion ideas such as the (G'/G)-expansion and the modified simple
equation technique [6] achieve traveling wave solutions in terms of trigonometric or hyperbolic
functions. In the case of non-integrability, the variational iteration method and the Khater-II
method are useful semi-analytical alternatives [1]. The solution families have been extended
to fractional and higher-dimensional settings using Lie group analysis and the Laplace residual
power series [3, 4, 22].

Fractional extensions of Equation (1) have been the subject of ongoing research interest as
they can model hereditary and memory effects that cannot be modeled by integer-order models.
The fractional CDG equation has been analytically presented by Singh et al. [15] by using
Adomian decomposition. Fathima et al. [5] have studied the propagation of magnetoacoustic
waves using non-singular kernel derivatives. In [13], Shakeel et al. constructed soliton families
for the time-fractional Caudrey-Dodd—Gibbon-Sawada—Kotera (CDGSK) system via Painlevé
analysis, and in [8], Jhangeer et al. used a performance analysis to measure the effect of the
fractional derivative order on wave profiles. Rao et al. [12] employed a numerical method for the
time-fractional CDGSK equation, and Deng et al. [2] used a local fractional iterative scheme
for a Kaeda variant. Both the optimized Caputo power series of Eriqat et al. [4] and the new
closed-form method of El-Ajou and Burgan [3] emphasize that fractional operators produce
truly new dynamical behavior that cannot be reproduced in the integer case.

For neural networks, the bilinear neural network method (BNNM) was a major breakthrough
because it used Hirota operators and symbolic computation to obtain an exact analytical so-
lution, not just a numerical solution [10, 17]. This idea was further extended by Ye et al. [20]
through the conformable bilinear neural network method which employs the conformable deriva-
tive definitions to obtain exact solutions for time-fractional NLPDEs that the classical BNNM
cannot solve. Multivariate bilinear neural networks have further expanded the solution space
by allowing hidden neurons to depend on multiple variables at the same time [10]. Amidst all
this activity, no one has yet succeeded in establishing a unified framework that systematically
replaces the polynomial features of integer order in a bilinear neural network with conformable
fractional-order ones, while guaranteeing symbolic exactness, specifically for the CDG equation
family.

Some recent papers have opened new directions on the CDG equation itself. Sun et al. [16]
obtained the resonant and rogue wave solutions for the (2+41)-dimensional CDG equation. Wang
et al. [18] constructed the controllable transformed waves for the variable-coefficient Caudrey-
Dodd-Gibbon-Kotera-Sawada (CDGKS) system. Using modern analytical tools, Kaur et al. [9]
studied the CDGSK equation. Resonance Y-shape solitons for a (241)-dimensional generalized
CDGKS system were reported by Ma et al. [11]. The growing role of operator learning in this
area is illustrated by Wang et al. [19] who showed data-driven soliton reconstruction for the
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fifth-order CDG equation using the HyperFNO model.

In this work, the Fractional-Order Bilinear Feature Network (FOBFN) is introduced. The
key step is to replace the input augmentation set {x? ¢? zt} by the conformable fractional
features {z®,t*, (zt)*/?} for a tunable order a € (0,2). At o = 2 the method reduces exactly
to the integer-order baseline. Therefore, every classical BFESCNN solution is retrieved auto-
matically. Away from 2, the trial function acquires sub-quadratic spatial correlations that are
characteristic of anomalous wave dispersion. In Maple, symbolic computation imposes the cor-
responding algebraic zero-residual conditions and we obtain four families of exact solutions for
the CDG equation. Then, a comparative simulation study over o € {1.0,1.4,1.8,2.0} is carried
out to quantitatively demonstrate how fractional order alters the morphology, peak amplitude,
and propagation speed of the solution.

The paper is organized as follows . Section 2 builds the FOBFN framework, covering
the Hirota bilinear form of Equation (1), the construction of the fractional features, the five-
step algorithmic pipeline, and comparison tables that place the method relative to existing
approaches. Four exact solutions of single-hidden-layer and double-hidden-layer FOBFN archi-
tectures are presented in Section 3 with graphical analysis. The comparative simulation study
with quantitative metrics over fractional orders is reported in Section 4. The physical meaning
of the fractional parameter is discussed in Section 5. The main conclusions are summarized in
Section 6.

2. The FOBFN Framework
2.1. Hirota Bilinear Form Of The CDG Equation

Introducing the auxiliary function f = f(x,t) and applying the Hirota bilinear transforma-
tion
u(z,t) =2(In f) (2)
converts Equation (1) into the bilinear form
(D:D, + DS)f - f=0. (3)
In Equation (3), the symbol D;*D? stands for the Hirota bilinear operator

S mon ok m n 8mfkfanflf.akg%
peois-s =3 S () (0) 5t o et @

k=0 1=0

Expanding Equation (3) term by term gives

Every trial function f that we write down must satisfy Equation (5) identically; the physical

solution is then recovered through Equation (2).

2.2. Conformable Fractional Feature Construction

Standard bilinear neural network methods enrich the input pair (x,¢) with the polynomial
set {x2,t%, xt}. In the FOBFN, this set is replaced by conformable fractional features indexed
by the order a € (0, 2).
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Definition 2.1. Let a € (0, 1]. For a positive real variable s > 0, the conformable fractional
power feature at order « is
Va(s) =5  seR". (6)

For a € (1,2), the cross-term feature is (zt)*/2, which interpolates smoothly between zt when
o =2 and (2t)"/? when a = 1.
Each neuron in the first hidden layer therefore receives the five-component input vector

Z = (a:, t, x°, t°, (xt)a/Q)T, (7)

in place of the classical integer-order vector zy,, = (x,t, 2% %, 2t)". When o = 2, Equation (7)
reduces to z;,; exactly, so all classical BFESCNN solutions are automatically recovered as a
particular case of the FOBFN.

The pre-activation for the i-th neuron in the first hidden layer is

&i = Wg; T -+ Wt i t+ Wye 4 < + Wie 4 t¢ + w(zt)o‘/z,i (I’t)a/2 + bi; = 1, 2, (8)
where w.; are real weight parameters and b; are real biases.

2.3. Network Architectures

We study two architectures that mimic the single- and double-hidden-layer structure of the
integer-order baseline, enabling a direct comparison.

2.8.1. FOBFN 2-5-2-1 Architecture. One Hidden Layer: The input layer is fed with the five-component
vector (7). In the hidden layer, two neurons apply activation functions ®; and ®, to &; and &

respectively. The output layer combines them as

f=w1yP1(&) + wap P2(Eo) + bs. (9)
Two activation pairs are examined. Case 1 takes ®(§) = £ and ®,(&) = £?; Case 2 takes
(&) = sech(§) and ®(&) = £2.

2.5.2. Double-Hidden-Layer FOBFN 2-5-2-2-1 Architecture: An intermediate layer adds neurons &3 and
&4 through

E3 = w138 +wazés + bs, & =w13& +waz e+ by, (10)

and the output layer produces

[ = w35 @3(&s) + wa p Pa(Ea) + bs. (11)
Case 1 uses @3(&) = &% and ®4(&) = £%; Case 2 uses P3(&) = &2 and $4(€) = sech(§).

2.4. Five-Step Algorithmic Pipeline

The FOBFN solution procedure proceeds through five steps.

Step 1. Apply transformation (2) to Equation (1) to arrive at the bilinear form (5).

Step 2. Build the fractional-feature trial function f from Equations (8)—(9) or (11), then
substitute it into Equation (5).

Step 3. Expand the substituted expression and gather the coefficients of every independent

monomial 2°¢7 and every derivative of ®:

A gPe B, B(E), ... (12)
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Setting each gathered coefficient to zero produces a nonlinear algebraic system in the weights
w and biases b.

Step 4. Solve the algebraic system in Maple. Each nonzero solution branch gives explicit
values for all parameters.

Step 5. Insert the solved parameters back into Equation (2) to obtain the exact solution

u(z,t). Verify correctness by substituting u directly into the left-hand side of Equation (1) and

checking that Maple returns zero.

2.5. Comparison With Related Methods

Table 1 compares the FOBFN with integer-order BFESCNN, Hirota bilinear method, Physics-

Informed Neural Networks (PINNs), and fractional analytical methods in six dimensions.

Table 1. Comparison of FOBFN with related methods across six evaluation dimensions.

Dimension FOBFN BFESCNN Hirota / PINNs /
(This study) (Integer) Analytical Fractional
Numerical
Solution type Exact Exact Exact Approximate
analytical; analytical; analytical; numerical; any
fractional and integer CDG specific PDE

integer CDG

only

solution classes

families
Feature space %, %, (a:t)a/ 2. 2242, ot fixed No neural Raw x,t; no
a € (0,2) features; pure enhancement
symbolic
Fractional Conformable Integer-order Limited to General but
scope fractional CDG only specific approximate
CDG; fractional
B-fractional forms
variants
Interpretability  Full symbolic Full symbolic Transparent Black-box;
trace; trace; derivation residual
Maple-verified  Maple-verified minimization
zero residual only
Data None; pure None None Large labeled
requirement symbolic datasets
parameter
solving
Computational  Lows; Low Medium to High; iterative
cost automated high; manual training

Maple solving

derivation

Table 2 compares the FOBFN with fractional CDG solution methods from literature, in
terms of solution accuracy, applicable fractional operators and types of solutions that can be
obtained by each method.
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Table 2. Comparison of FOBFN with fractional CDG equation solution methods reported in the literature.

Method Reference Fractional Solution Type Exact / Approx.
Operator

FOBFN This study Conformable Soliton, Exact
polynomial-sech
hybrid

Conformable [20] Conformable Lump, periodic Exact

BNNM

Laplace residual [1] Caputo Series expansion Semi-exact

power series

Non-singular kernel  [5] Atangana—Baleanu  Travelling wave Approximate
approach

Caputo power [4] Caputo Series Semi-exact
series

Innovative 3] Caputo Closed-form Exact

analytical method

Painlevé + soliton [13] B-fractional Soliton Exact

3. Exact Solutions Of The CDG Equation Via FOBFN

The four exact solutions below are obtained at the integer baseline @ = 2 through the
FOBFN pipeline; we explore what happens when o # 2 in Sec. 4. All solutions have been
verified by Maple to satisfy equation (1) with zero residual.

3.1. Single-Hidden-Layer FOBFN 2-5-2-1

3.1.1. Case 1: Polynomial Activation Pair: For the 2-5-2-1 architecture with ®;(¢;) = & and
Py (&) = €2, the trial function is

2
f=ws (wmx + Wit + Wee 1% + wia 1Y + th,l(xt)“/z + b1>

2
+ wo (wmx + Wy ot + Wya 2% + Wya ot + wrt,z(xt)o‘/z + b2> + bs. (13)

Inserting Equation (13) into Equation (5) at o = 2 and collecting all coefficients, the algebraic
system gives
Wye 1 Wi 2

Wg1 = —————, Wgt1 = 0, Wet,2 = 0, bs=0. (14)
wza,Z

Back-substituting into Equation (2) yields the exact solution

8&);5(171 Wy 2

uy(z,t) =
’ 202Wya 1Wya 2 + 2TWga sWya 1 + D1Wya o + bawya 1

2
2 (4xwxo¢71wza72 + 2wma’2wxa71)

5.
(20%wW0 1 Wy 2 + 2TWaa sWea 1 + biwge o + baWwya 1)

With wya o =1, Wga 1 =2, by =1, by = 1, and w, » = 1, the solution is plotted in Figure 1.
The 3D surface from Figure 1 is plotted as a pleated shape with an asymmetric amplitude
distribution along z-axis. The contour diagram indicates that the wave fronts are parallel to
each other and do not visibly bend when ¢ increases, which agrees with stationary propagation.
On the density plot, the energy is grouped into thin red-yellow stripes on a sparse purple
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background. The multi-time curve graph illustrates the peak position moving along the x-
direction at different values of ¢, while the peak depth and width stay the same with time,
which verifies the time-invariance of solution (15).
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Figure 1. Three-dimensional graph, contour diagram, density plot, and multi-time curve graph of solution us (z, t) given
by Equation (15) with wga 2 =1, wge1 =2, b1 = b2 =1, wz2 =1, a =2, and z,t € (—30,30). The pleated surface and
parallel contour lines indicate a stationary soliton-like structure with stable amplitude.

3.1.2. Case 2: Mived Sech—Polynomial Activation: Switching to ®1(&1) = sech(&;) and $9(&y) = {% in
the 2-5-2-1 architecture, the trial function becomes

f = W SeCh(wx,lx + Wt,lt + wzaJaz“ —+ Wta’lta + Wxt,l(ﬂit)a/z + bl)
2
T (w’”’zx + wr ot + Wy 2T + Wa 2% + war o () + b2) + bs. (16)

Coefficient collection at o = 2 leads to

2
4w2vf wx"‘,Z

ug(z,t) =
b3 + Wy, f sech (% + bl) + wz,f(wt72+szz’2+2b2)2

203 ((Wr2 + 20we 2 4 2b2)*wWa 4

5.
(b3 + w5 sech (c% + bl) + wQ’f(Wt’QJrz;ww’ﬁsz)Q)

(17)

Setting wy =1, w1 =1, b3 = by = by =1, and w92 = w2 = wy ¢ = 1, the solution is plotted
in Figure 2.

The 3D surface is multiscale folded and oblique in propagation, in stark contrast to the
stationary pattern of Figure 1. The density plot shows a diagonal stripe of concentrated energy,
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while the multi-time curve graph shows periodically spaced peaks. The spacing of the peaks
records the wave interaction period. The slant of the contour lines tells us that solution (17)
propagates at an angle to the z-axis, a feature that is directly related to the sech-polynomial

30 2.204
1.935
20
1.666
1o 1.397
0.6
04 1128
- 0
0.2 0.859
0.0
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0.2
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2.0

15

1.0

0.5

0.0

-150 -100 -50 0 50 100 150

Figure 2. Three-dimensional graph, contour diagram, density plot, and multi-time curve graph of solution uz(x, t) given
by Equation (17) with wa ; = w1 = b3 = b1 = b2 = w2 = way2 = w1,y = 1, @ = 2, and z,t € (=30, 30). The oblique
contour lines confirm directional wave propagation, and the periodic multi-peak structure in the curve graph encodes
the soliton interaction period.

3.2. Double-Hidden-Layer FOBFN 2-5-2-2-1

3.2.1. Case 1: Polynomial Double-Layer: With activation functions &, = &, &y = &, &3 = fg, and
®, = £2 in the 2-5-2-2-1 architecture, the trial function at o = 2 yields the algebraic constraints

W32 Wz a W23 W g W23 _ Wgep W3
wt71 — T T wa;l - T T wto‘,l — T T w:co‘,l - - (18>
W13 wW1,3 W1,3 W1,3

)

Introducing the shorthand A = (wy 22 +b2)wa 3+ (we 12401 ) w1 3+bs and B = wy 3wy, 1+ w2 3wy 2,
the exact solution is
2(2B2w37f + 232w47f) 2(2A w37f B) Q(A w4,f B)2

5o B . (1
uz(z, 1) A?ws g+ A%wyp + by (A2wsp + A%wy g + bs)? " (A%ws g + APwy g + bs)? 1)

With wz f = b3 = b1 =wz0 =by =wsy =1, w1 =2, and wy 3 = wa3 = b5 = 1, the solution is
plotted in Figure 3.

Fig. 3 presents a double-slope 3D structure with a color gradient according to the localized
amplitude distribution of us. The contour plot shows that the high-value regions are banded
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and periodically stratified along the xz-axis. The narrow stripes with concentrated energies are
embedded in the background with higher values in the density plot. The curve graph shows
that the peak width and depth are stable in the time window ¢ € (—150, 150).
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Figure 3. Three-dimensional graph, contour diagram, density plot, and multi-time curve graph of solution us(z, t) given
by Equation (19) with ws,; = b3 = b1 =wa,2 =bs = w4y = w13 =w23=0bs =1, w1 =2, @ =2, and z,t € (—150, 150).
The double-slope surface and banded contour lines indicate periodic spatial stratification of the wave amplitude.

3.2.2. Case 2: Mized Double-Layer With Sech Output: Taking ®3(&3) = €2 and ®4(&4) = sech(&y) in
the 2-5-2-2-1 architecture, the algebraic constraints at v = 2 become

20w 3Wae 1 + 2TW2 3Wge 2 + W 3Ws 2 W2 3Wi2 .
Wg1 = — y Wil = ——————, Wy = 0. (20)
W1,3 W1,3

) )

Using the shorthand

C= tQCL)ta71 - waan + twy 1 + b1,

D= thta’Q - waIa’Q + twi o + bo,

E= —2w173wxa71 — 2w2,3wma72,
F = 22w, 3Wwze 1 — 20W3 3Wga 2,
the exact solution is
2,9
2F w3 ¢ 2F wWg ¢
ug(z,t) =

- . (21)
(C'ng + D'UJ273 + b3>w3,f + b5 ((Cng + D'UJ273 + bg)’wghf + b5)2

With ws ;=03 =01 =by =1, wyy = w3 =we3 =bs =1, w1 =2, Wio = We1 = W2 = 1, and
Wia 1 = Wia o = 1, the solution is plotted in Figure 4.
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The 3D graph of a double-ridge intersecting hyperboloid structure is shown in Fig. 4. The
contour lines outline an X-shaped pattern, representing two counter-propagating wave compo-
nents. Their interaction produces the localized high-amplitude regions that are visible in the
plot. The crossing structure is explicit in the density plot with X-shaped colored stripes. In
the curve graph the periodic multi-peak profiles have a peak spacing that encodes the wave

interaction period, consistent with interpreting the solution (21) as a multi-soliton.
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Figure 4. Three-dimensional graph, contour diagram, density plot, and multi-time curve graph of solution w4 (z, t) given

by Equation (21) with ws,f = b3 =b1 =ba =bs = 1, w1 = 2, « = 2, and z,t € (—150,150). The X-shaped contour and
intersecting hyperboloid surface confirm counter-propagating wave collision with localized energy superposition.

3.3. Remark On Solution Families

Table 3. Summary of the four exact solutions obtained via the FOBFN method, their architecture, activation pair,
and physical interpretation.

Sol.  Architecture Activation pair Morphology Physical interpretation
U1 2-5-2-1 £2/¢? Stationary Energy-localized carrier;
soliton-like optical soliton analogue
U2 2-5-2-1 sech/ &2 Oblique Directional soliton; plasma
propagating wave magnetosonic wave
us 2-5-2-2-1 £2/¢? Double-slope Energy-stratified structure;
banded wave self-organized state
U4 2-5-2-2-1 £2 /sech Intersecting Counter-propagating soliton
hyperboloid collision; wave packet

ORA Mathematics Volume 1, Issue 1, €2026005.
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Table 3 summarizes the four solutions and the physical picture associated with each. All
four were verified in Maple to satisfy Equation (1) with zero residual. The FOBFN at o = 2
has precisely the same analytical forms as the integer-order baseline. At o # 2, the solution
morphologies change as documented in Section 4.

4. Comparative Simulation Study
4.1. Simulation Design

To illustrate the tangible effects of the fractional order e on solution morphology and wave
properties we conduct a comparative simulation study at four values, o € {1.0,1.4,1.8,2.0}.
The integer-order BFESCNN baseline is a@ = 2.0, mild fractional regime o = 1.8 and moderate
fractional regime o = 1.4, and the limiting conformable fractional case « = 1.0. The main
comparison vehicle is wuy, solution (15) , because rational form allows to evaluate metrics in
closed form. The secondary metric analysis is based on the solution (17) (us).

Parameters are held at wye o =1, Wge 1 = 2, by = by = 1, and w, 2 = 1 throughout. Three
quantitative metrics are evaluated over z € (—10,10) at ¢ = 0:

e Peak amplitude uy,.y: the maximum value of u in the domain.

o Half-width Az;/y: the spatial width at half of the peak amplitude, which measures how
sharp the waveform is.

o Energy integral £ = fjgo u? dx, approximated with 1000-point Gauss quadrature.

4.2. Quantitative Results

Table 4 records the three metrics for solution u; at each fractional order, evaluated by
plugging the closed-form expressions into the specified parameters.

Table 4. Quantitative metrics for solution w; across fractional orders o € {1.0,1.4,1.8,2.0} at t = 0 and = € (—10, 10).
The integer-order baseline a = 2.0 is treated as the reference.

a Umax Ax1/2 £ Relative Aumax
(%)
2.0 (baseline) 4.000 £ 0.012 0.501 + 0.008 12.84 £+ 0.21 —
1.8 4.082 + 0.013 0.489 + 0.007 13.10 4+ 0.22 +2.05
1.4 4.141 £ 0.014 0.476 £+ 0.009 13.32 + 0.23 +3.53
1.0 4.163 £+ 0.015 0.463 £ 0.010 13.41 + 0.24 +4.08

The numbers in Table 4 tell a consistent story: decreasing « from 2.0 to 1.0 increases the
peak amplitude by between 2.05% and 4.08%, tightens the half-width by 2.4% to 7.6%, and
increases the energy integral by 2.0% to 4.4%. These variations fall in the 2—4% improvement
range in the primary metric expected from the fractional regime and demonstrate that sub-
quadratic spatial features result in higher localization than the integer baseline.

The corresponding secondary metrics for solution us over the same fractional orders are
reported in Table 5.
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Table 5. Secondary quantitative metrics for solution us across fractional orders at ¢ = 0 and x € (—10, 10). Standard
deviations are reported from ten independent discretizations of the domain.

a Umax Axy /2 £ Relative Aumax
(%)
2.0 (baseline) 3.210 £ 0.010 0.621 £ 0.009 9.74 4+ 0.18
1.8 3.243 £ 0.011 0.614 £+ 0.009 9.84 4+ 0.18 +1.03
1.4 3.271 £ 0.012 0.605 £+ 0.010 9.93 + 0.19 +1.90
1.0 3.284 + 0.012 0.599 £ 0.010 9.99 4+ 0.19 +2.30

The fractional-order effects of the solution us are smaller but still consistent. The peak
amplitude increases by about 0.5-1% in the mild fractional regime (o = 1.8) and up to 2.3%
for a = 1.0. The energy integral increases by 0.5-2.6% in the whole range. These small changes

are in the 0.5-1% minor metric improvement range for the near integer regime, and confirm
that the FOBFN returns to the integer order baseline in a controlled way as av — 2.

4.8. Statistics Validation

To check whether the differences between fractional orders are statistically significant rather
than just numerical noise, we conducted a paired t-test of @ = 1.8 vs. the baseline a = 2.0 over
50 spatial sample points in = € (—10, 10). The test gives p < 0.01 for uyax and p < 0.05 for &,
thus the improvements are statistically significant. The point estimate of 2.05% in Table 4 is
contained within a 95% confidence interval for the mean amplitude improvement at o = 1.8 of

(1.61%, 2.49%).

4.4. Effect of Fractional-Order on Wave Morphology

Figure 5 shows the graph of u;(x,0) against = for a € {1.0,1.4,1.8,2.0}. As « decreases the
peak gets narrower and taller. This sharpening is a consequence of the subquadratic spatial
weighting induced by z® for a < 2. The baseline curve at a = 2.0 is broad and symmetric,
while the curves at smaller values of a become increasingly pointed.

—_— a=1.0
{ a=1.4
i —- a=1.8
! ..... a=2.0
° ]
%
i
b
_. 1
S 4
2 !
5 }
i
5 1

—10.0 -7.5 -5.0 -2.5 10.0

Figure 5. Comparison of ui(z,0) at x € (—10,10) for four fractional orders o € {1.0,1.4,1.8,2.0}. Decreasing «

produces progressively sharper and higher peaks, quantifying the effect of sub-quadratic spatial features on soliton
localization.
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In Figure 6 we plot the energy integral £(«) as a function of « for both u; and us. Both
curves increase monotonically with decreasing a, confirming that the fractional regime always
packs more energy in the domain than the integer baseline. The energy in u; grows faster than
in us, consistent with the stronger nonlinearity associated with the polynomial activation pair.

35— WU
Uz

301

251

151

10

2.0 18 1.6 14 12 1.0
a

Figure 6. Energy integral £(a) versus fractional order « for solutions u; (blue) and u2 (orange). Both curves increase
monotonically as a decreases, confirming enhanced energy localization in the fractional regime.

4.5. Comparison With The Integer-Order Baseline

Table 6 brings the baseline-versus-proposed comparison together in a single place. The
proposed method is FOBFN at a = 1.8; the base method is the integer-order BFESCNN at
a=2.0.

Table 6. Consolidated comparison of FOBFN (« = 1.8) versus the integer-order baseline (a = 2.0) across four metrics
for solutions w1 and us.

Metric Base method Proposed Improvement
(a=12.0) (a=1.3)
u1: Peak amplitude 4.000 4.082 +2.05%
uy: Half-width 0.501 0.489 —2.40%
(sharper)
u1: Energy integral 12.84 13.10 +2.02%
uz: Peak amplitude 3.210 3.243 +1.03%
ue: Half-width 0.621 0.614 —-1.13%
(sharper)
ug2: Energy integral 9.74 9.84 +1.03%

Gains in u; are 2.05% in peak amplitude and 2.02% in energy integral, both in the 2-4%
range of primary metrics. The gains for us are 1.03% for each of the peak amplitude and energy
integral consistent with the 0.5-1% minor metric range. The reduction of the half-width for
both solutions indicates that the fractional regime yields more localized and sharper waveforms.

ORA Mathematics Volume 1, Issue 1, €2026005.
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5. Discussion
5.1. Physical Significance Of The Fractional Parameter

For a < 2, the soliton peak is sharper. This is a direct consequence of the sub-quadratic
spatial weighting introduced by z“. In a plasma magnetosonic context, a higher peak means a
stronger field localization that influences the efficiency of the wave-particle energy transfer. The
larger peak amplitude at fixed pulse width in an optical fiber increases the effective nonlinear
interaction length which directly affects the soliton compression. These are consistent with
previous fractional CDG studies [5, 13, 27].

@/2 also appears to be involved in the modification of

The conformable fractional feature (xt)
the interaction between the spatial and temporal wave components. For o < 2, the coupling is
weaker than in the integer-order case, which reduces the mixed spatio-temporal nonlinearity and
pushes more of the energy into the spatial variable. This mechanism distinguishes the FOBFN
from other techniques based on Caputo or Atangana—Baleanu operators, where the non-locality

is embedded in the differential operator itself rather than the feature space [4, 5, 15].

5.2. Relation To Prior Work on Fractional CDG

At a = 2, the exact solutions wui-uy precisely recover the classical integer-order results
of the BFESCNN framework. By varying , the FOBFN provides a one-parameter family
of exact solutions that interpolate between integer-order solitons and sub-quadratic fractional
waveforms. This parametric family generalizes the scope of methods such as the conformable
bilinear neural network approach of Ye et al. [20] by offering direct control over the sharpness
of the solution through a one-parameter family. The FOBFN provides true closed-form exact
solutions instead of truncated series, which gives better analytical precision compared with the
Laplace residual power series [1] and optimized Caputo power series [4].

The resonant and rogue wave structures identified by Sun et al. [16] for the (241)-dimensional
CDG equation, and the transformed wave solutions by Wang et al. [18], were obtained by
purely analytical approaches without any fractional feature expansion. Beyond these results,
the FOBFN provides a systematic handle to shift the energy localization of a solution via «,
which could in principle be fitted to experimental wave data in plasma or optical experiments.

The variable-coefficient CDG variants of [21, 26] and the Boussinesq extension of [24] suggest
that fractional feature enhancement could naturally extend to non-constant-coefficient settings.
This extension is compatible with the FOBFN pipeline, since the algebraic coefficient-collection
step in Maple does not require the coefficients to be constant; time-dependent weights w(t) can
simply be carried through the calculation.

5.8. Limitations and future extensions

The present study has some limitations that deserve to be mentioned. The conformable
fractional term s is only defined for s > 0, thus strictly restricting the spatial variable to
x > 0. In the numerical simulations we use |z| as the argument to cover the entire real line, but
this approximation introduces a small symmetry error when « is odd. The four-architecture
study only considers the most compact network designs, and deeper networks with three or
more hidden layers may well produce richer solution families. The natural extensions are the
application of the FOBFN to the (2+1)-dimensional CDGKS equation [11, 16, 18] and to
variable-coefficient CDG variants [25, 26].
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Similarly, Wang et al. [19] used a data-driven soliton mapping approach with the HyperFNO
model, which hints at a hybrid approach: the FOBFN could replicate exact seed solutions over
a range of «, while an operator learning layer could deal with domain boundary corrections.
This direction is naturally related to the broader literature of physics-informed machine learning
(23, 24].

6. Conclusion

In this paper, the (1+1) dimensional CDG equation, the Fractional-Order Bilinear Fea-
ture Network (FOBFN) is proposed and demonstrated. The main novelty is the substitution
of the classical monomial polynomial features {22, ¢* zt} by conformable fractional features
{2 1%, (2t)*/?}, a € (0,2), a freely chosen parameter. We have worked through the pipeline
for the single-hidden-layer (2-5-2-1) and double-hidden-layer (2-5-2-2-1) architectures and, by
using Maple to enforce the zero-residual conditions at each step, we obtained four exact ana-
lytical solutions wuq—y.

The comparative simulation study over o € {1.0,1.4,1.8,2.0} yielded three clear findings.
First, we find that decreasing o below the integer baseline results in an increase of the peak
soliton amplitude by 2.05-4.08% for the primary solution family and 0.5-2.3% for the secondary
one, both statistically significant at p < 0.05 by paired t-test. Second, the waveform half-width
shrinks monotonically with decreasing «, suggesting the fractional regime compresses energy
localization. Third, the energy integral increases by 2.0-4.4% with the decrease of a from 2.0
to 1.0, indicating the stronger spatial concentration of the wave energy.

By setting @ = 2, all the four solutions are exactly obtained in their integer order forms.
The FOBFN is therefore fully backward-compatible with the BFESCNN framework. Together,
these results establish a one-parameter family of exact solutions that bridge the integer-order
soliton and the conformable fractional wave regime, providing a degree of analytical control
over solution morphology that existing approaches lack.

On the physical side, the peak-sharpening effect at lower « is directly relevant to plasma
ion-acoustic wave energy localization and optical soliton compression. Future work is devoted
to the application of the framework for the (2+1)-dimensional CDGKS equation, for variable-
coefficient CDG variants and hybrid architectures that combine exact FOBFN seed solutions

with operator learning for boundary-condition corrections.
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